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The purpose of this paper is to compute the explicit form of the relative
invariants and their b-functions of a certain important prehomogeneous vector
space appearing in the study of a cuspidal character sheaf of the exceptional group
E . For every simple algebraic group excepting the type E , the b-functions of this7 7
kind of prehomogeneous vector space have been determined.  2001 Academic
Press
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INTRODUCTION
The purpose of this paper is to compute the explicit form of relative
invariants and their b-functions of a certain important prehomogeneous
vector space appearing in the study of a cuspidal character sheaf of the
exceptional group E .7
Consider a unipotent conjugacy class of a complex simple algebraic
˜group G whose closure is the support of a cuspidal character sheaf. The
corresponding nilpotent class gives a prehomogeneous vector space via the
DynkinKostant theory, whose b-functions are important in the study of
character sheaves. These b-functions have been explicitly determined by
˜   Sato 9 when G is of classical type; by Shintani 13 for 2 0; by Kimura
20202   and Muro 8 for 02 00; by Gyoja 6 for ; and by Ozeki and Yano0
0002000 14 for . In this paper we determine the relative invariants and their0
002002b-functions for the last remaining one, .0
002002The prehomogeneous vector space for is given by the following0
Ž . Ž . Ž . Ž .G, V as an explicit form. Let GGL  GL  GL  and let3 3 2
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Ž . Ž . 3VM  M   . Define the action of G on V by3 3
g  g Xg1 , g Yg1 tg , g pŽ .Ž .1 2 1 2 3 2
Ž . Ž . Ž .for g g , g , g G and   X, Y, p  V. Then G, V is a preho-1 2 3
mogeneous vector space which has two irreducible relative invariants. Let
f   the discriminant of the cubic form det X YŽ . Ž .1
Ž . 2in the variables  ,   . Then we can easily see that f is an1
irreducible relative invariant.
The main results of this paper are the following. We construct the other
irreducible relative invariant, say f , in Theorem 1 of Section 2. Then the2
m m m1 2 Ž .b-function of the relative invariant f  f f m , m   is given1 2 1 2 	 0
by
m 11 5 72
mb s  m s 1  m s   m s  Ž . Ž .Łf 1 1 1½ 5ž / ž /6 60
m 12
3
 m s 1 Ž .Ł 2½ 5
0
2m m 11 2 3
 m m s  Ž .Ł 1 2½ ž /20
4 5
m m s   m m s  Ž . Ž .1 2 1 2 5ž / ž /3 3
2m m 11 2
2
 2m m s 2 Ž .Ž .Ł 1 2½ 5
0
 constant.
See Theorem 3 of Section 4.
The plan of this paper is the following. In Section 1 we review some
fundamental results on prehomogeneous vector spaces. In Section 2 we
give an explicit form of f , the unknown irreducible relative invariant. In2
the remaining sections, we determine the explicit form of the b-function
mof f .
I am deeply grateful to Professor A. Gyoja for his encouragement and
advice on my studies including this paper and to the referee for his careful
suggestions for improving this paper.
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1. PRELIMINARIES
In this section we review fundamental notions about the theory of
prehomogeneous vector spaces and give some lemmas used in the later
sections.
1.1. Prehomogeneous Vector Spaces
Let G be a connected reductive group defined over the complex number
Ž .field  and let  : GGL V be a finite-dimensional rational represen-
Ž . Ž Ž ..tation. The triple G, , V or simply the pair G, V is called a prehomo-
geneous ector space if V has an open dense G-orbit, say O G . Let f0 0
Ž .be a nonzero polynomial function on V and let Hom G, . We call
Ž . Ž . Ž .f a relatie inariant whose character is  if f g   g f  for all
Ž .gG and   V. Then G, V and f have the properties given in
Lemmas 1.1.11.1.8. The proofs are found in the literature assigned there.
 LEMMA 1.1.1 11, Proposition 3 in Section 4 . Let f and f be relatie1 2
inariants which hae the same character. Then f is a constant multiple of f .1 2
 LEMMA 1.1.2 11, Proposition 5 in Section 4 . Let S , . . . , S be the1 l
irreducible components of V 
O with codimension one and suppose each S0 i
 Ž . 4is the zero of some irreducible polynomial f , namely S    V; f   0 .i i i
Then f , . . . , f are algebraically independent relatie inariants. Eery relatie1 l
m1 m l Ž .inariant f is of the form f cf  f c, m   .1 l i
We call the polynomials f , . . . , f the fundamental system of relatie1 l
inariants.
   Ž .LEMMA 1.1.3 11, Proposition 19 in Section 4 . Let X G, V be the
Ž .totality of the characters associated to relatie inariants of G, V and let G 0
be the isotropy group at the point  of the open orbit. Then0
  X G , V  Hom G , ;   1 .Ž . Ž .½ 5G  0
   Ž .LEMMA 1.1.4 2, Lemma 1.5 . Let  : GGL V be the contragra-
Ž  .dient representation of . Then the triple G,  , V is a prehomogeneous
ector space. It has a relatie inariant of degree d deg f , say f , whose
character is 1.
  Ž .LEMMA 1.1.5 2, Lemmas 1.6 and 1.7 . There exists a polynomial b s f
b sd  b sd1  b with b  0 such that0 1 d 0
ss1f grad f x  b s f x ,Ž . Ž . Ž . Ž .x f
ss1 f grad f y  b s f y ,Ž . Ž . Ž .Ž .y f
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for all s  . Here we put	 0
   
grad  , . . . , and grad  , . . . , .x y x  x  y  y1 n 1 n
We call b the b-function of f. We put a  b . We have the formulasf f 0
for calculating the values of b and b as the following lemma.0 1
LEMMA 1.1.6. When
 
f grad  c  ,Ž . Ý i , . . . , i1 d  x  xi ii , . . . , i 1 d1 d
put
ˆ ˆD x  c f  f  f  f f .Ž . Ý Ýf i , . . . , i x x x x x x1 d i i i i i i1 j k d j k
i , . . . , i 1jkd1 d
ˆHere denotes that the element is remoed from the formula. Then
a  b  f  grad log f  f  ,Ž . Ž .Ž .f 0
d d 3Ž . 2db  b D  f  ,Ž . Ž .1 0 f2
 Ž . 4for   V    V; f   0 .f
Ž .  Proof. The first claim is Lemma 1.8 1 in 2 . The proof of the second
claim is given similarly.
The following fact about the b-functions is well known.
 LEMMA 1.1.7 7, Corollary 5.2 . Let
d
b s  b s 	 .Ž . Ž .Łf 0 j
j1
Then each 	 is a positie rational number.j
We define the exponential b-function of f by
d
'exp 2
 1 	 jb t  t e .Ž . Ž .Łf
j1
The exponential b-functions have the following property.
  expŽ .LEMMA 1.1.8 4, Section 7.3 . The exponential b-function b t is af
product of some cyclotomic polynomials.
1.2. Exact Prehomogeneous Vector Spaces
Ž .We say that a prehomogeneous vector space G, V is exact if dim G
Ž .dim V. We assume that G, V is an exact prehomogeneous vector space in
this subsection. Then we have the following lemmas.
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  Ž .LEMMA 1.2.1 1, Remark 6.3.1 . Fix linear bases of  Lie G and of
Ž . Ž . Ž . ŽV: Put f   det  V; A A for   V and  g  det V0 0
.V;  g for gG. Then f is a relatie inariant whose character is  ,0 0
1Ž .and V 
 f 0 O .0 0
Then the following equality about the b-function of the relative invari-
ant f holds.0
 LEMMA 1.2.2 1, Remark 6.3.1 . We hae
db s  1 b s 2Ž . Ž . Ž .f f0 0
for any s.
1.3. Contraction
We explain here that the exponential b-function is invariant under the
operator called the contraction of prehomogeneous vector space. Let
Ž .G, V be a prehomogeneous vector space and let f be its relative
 Ž . 4invariant. Let V    V; f   0 and let O be the unique G-orbitf f
which is closed in V . Take a point  O , and put G  gG;f f f  f
4 Ž . g  . Let T be a maximal torus of G , and put N T  gG;f f f  G ff1 4 Ž f . Ž . Ž f . Tf gT g  T . Let G N T T and let V  V    V; t f f G f f
Ž .4t T .f
  Ž Ž f . Ž f ..LEMMA 1.3.1 3, Theorem A . G , V is a prehomogeneous ector
  Ž f .space. Moreoer, it has a relatie inariant f  f .V
Ž . Ž Ž f . Ž f ..We call the transformation G, V  G , V the contraction with
respect to the relative invariant f. The following lemma was posed as a
   conjecture in 3 , and its proof was given in 6, Section 11 .
LEMMA 1.3.2. We hae
bexp  bexp .f f
Namely, the two exponential b-functions coincide with each other when
one is the contraction of the other.
1.4. a-Functions and b-Functions
We give here the definitions of a-functions and b-functions and some
 properties of them. The references of this subsection are 6, Section 8 and
 12, Sections 3, 4 .
Let f , . . . , f be the fundamental system of the irreducible relative1 l
Ž .  invariants of a prehomogeneous vector space G, V and let f , . . . , f1 l
Ž .be the irreducible relative invariants of G, V such that the characters
 Ž .of f and f are the inverse of each other. We put f f , . . . , f andi i 1 l
 Ž  . l Ž .f  f , . . . , f and V  V . For each l-tuple s s , . . . , s , we1 l f i1 f 1 lis l s  s l  si iput f Ł f and f Ł f .i1 i i1 i
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First we define the a-functions and give their properties.
Ž .LEMMA 1.4.1. For any l-tuple m m , . . . , m , we hae1 l
m m sf  f grad log f   a s ,Ž . Ž . Ž .Ž . m
Ž .for all   V with some nonzero homogeneous polynomial a s which isf m
independent of  .
Ž . Ž .We call a s the a-functions of f. When m   0, . . . , 0, 1, 0, . . . , 0 ,m i
Ž . Ž .where 1 appears only at the ith place, we write a s instead of a s fori  i
an abbreviation. We can easily see that a Ł l am i by definition. Them i1 i
Ž .following lemmas about the structures of a-functions a s are stated inm
 6, Section 8 .
Ž .LEMMA 1.4.2. The a-function a s is expressed asm
N  jŽ . ms ja s  A  s .Ž . Ž .Ł ž /m j
j1
s l s iHere A Ł A with A  , N  , and    , while eachi1 i i 	 0 j 	 0
Ž . l Ž . s is a -linear function Ý  s with    and GCD  , . . . , j i1 i j i i j 	 0 1 j l j
 1.
We have the following lemma by Lemma 1.4.2.
Ž .m mLEMMA 1.4.3. The leading coefficient a of the b-function b s of thef f
m lŽ Ž . .relatie inariant f m  is gien by	 0
N  jŽ . mm j
ma  A  m .Ž .Ł ž /f j
j1
Next we define the b-functions and give their properties.
Ž . Ž . lLEMMA 1.4.4. For any l-tuple m m , . . . , m   , we hae1 l 	 0
m sm sf grad f  b s fŽ . Ž .m
Ž .with some nonzero polynomial b s .m
Ž . Ž .These polynomials b s are called the b-functions of f. We write b sm i
Ž . Ž .instead of b s for an abbreviation. Let a-functions a s be as in Lemma mi
Ž . Ž .1.4.2. The following lemmas about the structures of b s and b s arei m
 stated in 6, Section 8 .
Ž .LEMMA 1.4.5. The b-function b s is expressed asi
Ž .  1 j i jN
b s  A  s  	   ,Ž . Ž .Ž .Ł Ł Łi i j j , r
j1 0 r1
with some 	  .j, r 	 0
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Ž .LEMMA 1.4.6. The b-function b s is expressed asm
Ž . m 1jN
sb s  A   s   ,Ž . Ž .Ž .Ł Łm  jj
j1 0
where
 j
 u  u 	 .Ž . Ž .Ł j , rj
r1
Lemma 1.4.6 implies the following lemma.
mŽ . ŽmLEMMA 1.4.7. The b-function b s of the relatie inariant f mf
Ž . l. is gien by	 0
Ž . m 1jN
m
mb s  A   m s Ž . Ž .Ž .Ł Łf  jj
j1 0
with the same  as in Lemma 1.4.6. j
Ž .Let b-functions b s be as in Lemma 1.4.6. For each j, putm
 j
'exp 2
 1 	 j , r t  t e .Ž . Ž .Ł j
r1
expŽ .  The following property of  t is stated in 6, Section 8 . j
expŽ .LEMMA 1.4.8. For each j,  t is product of cyclotomic polynomials. j
2. IRREDUCIBLE RELATIVE INVARIANTS
Ž .In this section, we show that the pair G, V defined below is a
prehomogeneous vector space and construct its irreducible relative invari-
Ž . Ž . Ž . Ž . Ž .ants. Let GGL  GL  GL  and let VM  M 3 3 2 3 3
3. Define the action  of G on V by
g  g Xg1 , g Yg1 tg , g pŽ .Ž .1 2 1 2 3 2
Ž . Ž .for g g , g , g G and   X, Y, p  V. Then the action of the1 2 3
Ž . Ž . Ž .Lie algebra          is given by3 3 2
A  A X XA  c X c Y , A Y YA  c X c Y , A pŽ .1 2 11 12 1 2 21 22 2
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for
c c11 12A A , A ,   .1 2 c cž /ž /21 22
2.1. Prehomogeneity
Ž .We show that G, V is a prehomogeneous vector space. Let
1 0 0 0 0 0 1
  , , .0 1 0 0 1 0 10 ž / ž / ž /ž /0 0 0 0 0 1 1
Then the isotropy group at  is given by0
 1 0 0 1 0 0 1 01a , , a ,0 1 0 0 1 0 ž /0 1ž / ž /ž /0 0 1 0 0 1
0 0 1 0 0 1 0 11a , , a ,0 1 0 0 1 0 ž /1 0ž / ž /ž /1 0 0 1 0 0
0 1 0 0 1 0 0 11a , , a ,0 0 1 0 0 1 ž /1 1ž / ž /ž /1 0 0 1 0 0 G  a 0 . 0 1 0 0 1 0 0 1 11a , , a ,0 0 1 0 0 1 ž /0 1ž / ž /ž /0 1 0 0 1 0
0 0 1 0 0 1 1 11a , , a ,1 0 0 1 0 0 ž /1 0ž / ž /ž /0 1 0 0 1 0
0 1 0 0 1 0 1 01a , , a ,1 0 0 1 0 0 ž /1 1ž / ž /ž / 0 0 1 0 0 1
Ž .Since dim G 22, dim V 21, and dim G  21, G, V is prehomoge- 0
neous and  is a point in the open dense G-orbit O . We have G ker 0 0  0
 .3
 Ž . Ž . Ž .    Ž   .Let G GL  GL   SL  and let    . Then G ,  , VG3 3 2
is an exact prehomogeneous vector space. For the sake of convenience we
consider the action of the larger group G, although G is enough for our
purpose.
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2.2. Irreducible Relatie Inariants and Their Degrees
Ž .The prehomogeneous vector space G, V has two nontrivial irreducible
 Ž .relative invariants. This follows from the fact that X G, V in Lemma
1.1.3 is two-dimensional. One irreducible relative invariant is
f   the discriminant of the cubic form det X YŽ . Ž .1
Ž . 2in the variables  ,   . Here the discriminant of the cubic form
a  3  a  2 a  2  a  3 is given by a2a2  18a a a a  4a a3 0 1 2 3 1 2 0 1 2 3 0 2
4a3a  27a2 a2. Then f is an irreducible relative invariant whose charac-1 3 0 3 1
ter is
4 4 6
 g  det g det g det g for g g , g , g G.Ž . Ž . Ž . Ž . Ž .1 1 2 3 1 2 3
Next we proceed to the construction of the other irreducible relative
invariants, which we denote by f . First we determine its character. Since2
Ž  .G , V is exact, we can consider the relative invariant f constructed in0
Lemma 1.2.1. Its character is
6 5 9
 g  det g det g det g for g g , g , g G.Ž . Ž . Ž . Ž . Ž .0 1 2 3 1 2 3
Comparing the zeros of f , we see that f  cf f for some c. Hencei 0 1 2
we have that the character of f is2
2 1 3
 g  det g det g det g for g g , g , g G.Ž . Ž . Ž . Ž . Ž .2 1 2 3 1 2 3
Next we consider the degree of the relative invariant f . We can easily2
see that f is of degree 9 with respect to X, of degree 9 with respect to Y,0
and of degree 3 with respect to p, and that f is of degree 6 with respect1
to X and of degree 6 with respect to Y. Therefore we see that f is of2
degree 3 with respect to X, of degree 3 with respect to Y, and of degree 3
with respect to p.
2.3. Construction of f2
We will construct the irreducible relative invariant f explicitly in this2
subsection. We write f for f and  for  throughout this subsection.2 2
 Consider the G-action on the polynomial ring  V . Since f is a relative
Ž .Ž . Ž . Ž .1 Ž .invariant, we have gf g  f    g f g for any gG and
  V. Hence we have only to find a polynomial f on V such that
Ž .1gf  g f for any gG.
As we have seen at the end of Subsection 2.2, f is a linear combination
of monomials of the form
x x x y y y p p p . 1Ž .i j i j i j k l k l k l n n n1 1 2 2 3 3 1 1 2 2 3 3 1 2 3
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We denote the monomial x x x y y y p p p byi j i j i j k l k l k l n n n1 1 2 2 3 3 1 1 2 2 3 3 1 2 3
i i i k k k1 2 3 1 2 3, , n n n .1 2 3ž /j j j l l l1 2 3 1 2 3
Then f is expressed as
i i i k k k1 2 3 1 2 3f 	 , , n n n 2Ž .Ý i , j , k , l , n 1 2 3ž /j j j l l l1 2 3 1 2 3i , j , k , l , n
with coefficients 	 .i, j, k , l, n
Let
a 0 0 b 0 01 1 c 010 a 0 0 b 0g , , G.2 2 ž /0 c2 0  0 00 0 a 0 0 b3 3
Then
i i i k k k1 2 3 1 2 3g , , n n n1 2 3ž /j j j l l l1 2 3 1 2 3
is a scalar multiple of
i i i k k k1 2 3 1 2 3, , n n n .1 2 3ž /j j j l l l1 2 3 1 2 3
Ž .1On the other hand, since we have gf  g f , this scalar must coincide
Ž .1with  g . Thus we get
 4  4i , i , i , k , k , k  1, 1, 2, 2, 3, 3 ,1 2 3 1 2 3
3Ž .
 4  4j , j , j , l , l , l  n , n , n , 1, 2, 3 .1 2 3 1 2 3 1 2 3
Ž . Ž .We see that only the monomials satisfying 3 appear in the sum 2 .
Ž . Ž .Next consider the symmetric groups  GL  and  GL 3 3 2 2
Ž .which permute the bases. We denote by ij the transposition of i and j.
We consider the action of    on f. The action of 3 3 2
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Ž . Ž .on monomials satisfying 1 and 3 is given by
i i i k k k1 2 3 1 2 3
 ,  , 1 , , n n nŽ .1 2 1 2 3ž /j j j l l l1 2 3 1 2 3
 i  i  i  k  k  kŽ . Ž . Ž . Ž . Ž . Ž .1 1 1 2 1 3 1 1 1 2 1 3 , ,  n  n  n ,Ž . Ž . Ž .2 1 2 2 2 3ž / j  j  j  l  l  lŽ . Ž . Ž . Ž . Ž . Ž .2 1 2 2 2 3 2 1 2 2 2 3
i i i k k k k k k i i i1 2 3 1 2 3 1 2 3 1 2 31, 1, 12 , , n n n  , , n n n .Ž .Ž . 1 2 3 1 2 3ž / ž /j j j l l l l l l j j j1 2 3 1 2 3 1 2 3 1 2 3
ŽŽ ..1 Ž .Since   ,  ,   sgn   , the coefficient of  m in f is1 2 3 2 3
Ž . Ž .sgn   times the coefficient of m for any monomial m satisfying 12 3
Ž .and 3 . Hence we can express f as
f 	  
m 4Ž .Ž .Ý Ýi i
i
 4with 	 , where m is a system of representatives of the -action oni i
Ž . Ž . the totality of the monomials satisfying 1 and 3 . Here Ý 
m meansi
the sum of the distinct terms of
sgn    ,  ,  m .Ž . Ž .Ý 2 3 1 2 3 i
 ,   ,  1 2 3 3 2
We find the representatives m in Table I.i
 4The isotropy subgroups of  at m ,m are isomorphic to groups ini i
 4the third entries of Table I. If the isotropy subgroup at m ,m containsi i
Ž . Ž . an element  ,  ,  such that sgn   1, the sum Ý 
m equals1 2 3 2 3
0. Such monomials are m , m , m , m , and m . Hence we may take1 3 33 34 35
their coefficients to be 0.
Finally we determine the remaining coefficients. The values of the
Ž .coefficients 	 in 4 are given in the second entries of Table I. We cani
carry out the actual calculation based on the following trick.
Ž . Ž . Ž .We put A  E , 0, 0 , B  0, E , 0 , and C  0, 0, E as ele-i j i j i j i j i j i j
Ž .ments in  , where E is the matrix whose i, j -element is 1 and otheri j
Ž .1elements are 0. Since gf  g f , f is annihilated by all A , B , andi j i j
Ž .C i j . Consider the equation A f 0. Let m be a monomiali j 31
Ž . Ž .satisfying 1 and 3 . Since A replaces the first index 3 of x and y by the31
Ž .index 1, A m is the sum of the monomials satisfying 1 and the condi-31
tions
 4  4i , i , i , k , k , k  1, 1, 1, 2, 2, 3 ,1 2 3 1 2 3 5Ž .
 4  4j , j , j , l , l , l  n , n , n , 1, 2, 3 .1 2 3 1 2 3 1 2 3
Hence A f is also the sum of such monomials. Taking any monomial31
Ž . Ž .satisfying 1 and 5 and considering its coefficient in A f , the equality31
Ž .A f 0 implies some linear relations among the coefficients 	 in 4 . In31 i
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TABLE I
Representative Coefficient Isotropy group
112 233m  , , 111 	  0 1 1 2ž /111 123
112 323m  , , 111 	  0 12 2ž /111 123
123 123m  , , 111 	  0 3 3 2ž /111 123
112 233m  , , 111 	  1 14 4ž /112 113
112 332m  , , 111 	 1 5 5 2ž /112 113
121 233m  , , 111 	 1 6 6 2ž /112 113
123 123m  , , 111 	  2  7 7 2 2ž /112 113
123 132m  , , 111 	 1 8 8 2ž /112 113
112 233m  , , 112 	  0 19 9ž /111 223
112 332m  , , 112 	  0 110 10ž /111 223
123 123m  , , 112 	  0 11 11 2ž /111 223
112 233m  , , 112 	  1 112 12ž /112 123
112 323m  , , 112 	  1 113 13ž /112 123
112 332m  , , 112 	 2 114 14ž /112 123
121 233m  , , 112 	 1 115 15ž /112 123
121 323m  , , 112 	 1 116 16ž /112 123
121 332m  , , 112 	  2 117 17ž /112 123
123 123m  , , 112 	  2 118 18ž /112 123
123 132m  , , 112 	 1 119 19ž /112 123
123 312m  , , 112 	 1 120 20ž /112 123
112 233m  , , 112 	 1 121 21ž /113 122
112 323m  , , 112 	  1 122 22ž /113 122
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TABLE IContinued
Representative Coefficient Isotropy group
121 233m  , , 112 	  1 123 23ž /113 122
121 323m  , , 112 	 1 124 24ž /113 122
123 123m  , , 112 	 1 125 25ž /113 122
123 312m  , , 112 	  2 26 26 2ž /113 122
112 233m  , , 123 	  1 27 27 2ž /112 233
112 323m  , , 123 	 1 128 28ž /112 233
121 323m  , , 123 	  1 29 29 2ž /112 233
123 123m  , , 123 	  1 30 30 2ž /112 233
123 312m  , , 123 	 2  31 31 2 2ž /112 233
112 233m  , , 123 	 3 32 32 2ž /123 123
112 332m  , , 123 	  0  33 33 2 2ž /123 123
123 123m  , , 123 	  0  34 34 3 2ž /123 123
123 132m  , , 123 	  0  35 35 2 2ž /123 123
123 231m  , , 123 	 3 36 36 3ž /123 123
this way, we can determine all the coefficients 	 by taking them to satisfyi
Ž .all the equations A f 0, B f 0, and C f 0 i j . After all this wei j i j i j
have the following theorem.
THEOREM 1. The irreducible relatie inariant f of the prehomogeneous2
Ž .ector space G, V is explicitly gien by
36
f  	 
m .Ž .Ý Ý2 i i
i1
Here monomials m and coefficients 	 are listed in Table I, and Ý 
m isi i i
the sum of the distinct terms of
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sgn    ,  ,  m .Ž . Ž .Ý 2 3 1 2 3 i
 ,   ,  1 2 3 3 2
3. THE b-FUNCTIONS OF IRREDUCIBLE
RELATIVE INVARIANTS
In this section we determine the b-functions of f and f . The b-func-1 2
tion of f has already been known to be1
43 4 5 5 74b s  s 1 s s s s s .Ž . Ž .f1 ž / ž / ž / ž / ž /2 3 3 6 6
Ž   .See 8 . Then the remaining problem is the calculation of the b-function
of f . We write f for f and b for the b-function of f throughout this2 2 f 2
section.
In order to determine the b-function b , first we calculate the exponen-f
tial b-function of f in Subsection 3.1, the values of b and b in0 1
Subsection 3.2, and the value of b in Subsection 3.3. Using these data, we9
determine the b-function b in Subsection 3.4.f
3.1. Calculation of the Exponential b-Function of f2
Considering the contraction defined in Subsection 1.3, we calculate the
exponential b-function of f in this subsection.
First we find the G-orbit O which is closed in V and a point  O .f f f f
Since the G-orbit in V of the minimal dimension is closed in V , it isf f
sufficient to find such a G-orbit in V . The orbit decomposition of thef
Ž Ž .prehomogeneous vector space SL  SL GL ,    , V 3 3 3 2 1 1 1
Ž . Ž ..  V 3  V 2 is known as in 8 . We show this in Table II. For each orbit O
Ž . Ž . Ž .4in Table II, we see that O V 3   , p ;  O, p V 3 is a union
Ž . Ž .of several G-orbits of G, V . Hence the G-orbit decomposition of G, V
is given by decomposing these 18 mutually disjoint G-invariant sets O
Ž . Ž . Ž . Ž . Ž .V 3 . The G-orbits contained in V arise from only a , b , c , and f inf
Table II.
Let
0 0 1 0 1 0
  ,0 0 0 1 0 0ž / ž /ž /1 0 0 0 0 0
Ž .be the orbit representative f in Table II. We consider the dimension of
the isotropy algebra  at
p1
   ,  V .p f2 0 0p3
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TABLE II
Representative Dim. Representative Dim.
1 0 0 0 0 0 1 0 0 0 0 0
Ž . Ž .a , 18 j , 130 0 0 0 1 0 0 0 0 0 1 0ž / ž / ž / ž /0 0 1 0 0 1 0 0 0 1 0 0
0 0 1 1 0 0 1 0 0 0 0 0
Ž . Ž .b , 17 k , 120 0 0 0 1 0 0 0 0 1 0 0ž / ž / ž / ž /1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 1 0 0 0 1 0
Ž . Ž .c , 16 l , 110 1 0 1 0 0 0 0 0 1 0 0ž / ž / ž / ž /1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 1 0 0 0
Ž . Ž .d , 15 m , 100 0 0 0 1 0 0 1 0 0 0 0ž / ž / ž / ž /1 0 0 0 0 0 1 0 0 0 0 0
0 0 1 1 0 0 1 0 0 0 0 0
Ž . Ž .e , 14 n , 90 1 0 0 0 0 0 1 0 0 0 0ž / ž / ž / ž /1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 1 0 0 0 1 0
Ž . Ž .f , 14 o , 80 0 0 1 0 0 0 0 0 0 0 0ž / ž / ž / ž /1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 1 0 0 0 0 0
Ž . Ž .g , 14 p , 81 0 0 0 0 0 0 0 0 1 0 0ž / ž / ž / ž /0 0 0 0 1 0 0 0 0 0 0 0
0 1 0 0 1 0 1 0 0 0 0 0
Ž . Ž .h , 14 q , 61 0 0 1 0 0 0 0 0 0 0 0ž / ž / ž / ž /0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
Ž . Ž .i , 13 r , 00 0 0 0 1 0 0 0 0 0 0 0ž / ž / ž / ž /0 0 0 0 0 0 0 0 0 0 0 0
Note that   V requires p  0. Then dim  is 5 which is independentf 1 
of p and p . Hence the dimension of the G-orbit G is 17. Moreover, the2 3
Ž . Ž . Ž .dimensions of all the G-orbits in V arising from a , b , and c in Table IIf
are greater than 17. Hence the minimal dimension of the G-orbits con-
tained in V is 17. We may putf
0 0 1 0 1 0 1
  , , .0 0 0 1 0 0 0f ž / ž / ž /ž /1 0 0 0 0 0 0
Then
 a 0 0 0 0 011 a a33 23 0 a a 0 a  a a  , ,22 23 11 22 32 f ž /a a32 22  0  0 00 a a 0 a a  a32 33 23 11 33
and O G .f f
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Next we take the maximal torus T of the isotropy group G given byf  f
 1 0 0 1a1 0a 0 01 0 0 a3a 20 a 0T  , , ; a a a  0 .2f 1 2 31a 0 10 0 a 03  00 0 0 0a 2a3
Ž . TfThen we can determine the normalizer N T and the fixed point set VG f
as
 a 0 0 b 0 011 11 c 0110 a 0 0 b 0, , ,22 22 ž /0 c22 0  0 00 0 a 0 0 b33 33 N T  ,Ž .G f
a 0 0 b 0 011 11 0 c120 0 a 0 0 b, ,23 23 ž /c 021 0  0 0 0 a 0 0 b 032 32
 0 0 x 0 y 0 p13 12 1
T  fV  , , .0 0 0 y 0 0 021  0  0  0 0x 0 0 031 0 0 0
  THence we get f  f asfV
f    x x 2 y y2 p3Ž . 13 31 12 21 1
for
0 0 x 0 y 0 p13 12 1
Tf  , ,  V .0 0 0 y 0 0 021  0 0  0 0x 0 0 031 0 0 0
Finally, we calculate bexp. We havef
21 1 25
b s  s 1 s s s  constant.Ž . Ž .f ž / ž / ž /2 3 3
Then the exponential b-function is given by
2 2exp exp 3 2
b t  b t  t  1 t  1 t 1 .Ž . Ž . Ž . Ž . Ž .f f
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3.2. The Values of b and b0 1
In this subsection we calculate the values of b and b using Lemma0 1
1.1.6 by putting
0 0 1 0 1 0 1
  , , .0 0 0 1 0 0 01 ž / ž / ž /ž /1 0 0 0 0 0 0
Put
331 221m , , 111 .˜ ž /113 112
As we have seen in Subsection 3.1,  belongs to O . From Table I, we see1 f
Ž . Ž .that m   0 and that m   0 for any other monomial m in f. Hence˜ 1 1
Ž .we get f   1.1
Considering the first-order partial derivatives of f , we have
0 0 1 0 1 0 3
grad log f   , , .Ž . 0 0 0 2 0 0 01 ž / ž / ž /ž /2 0 0 0 0 0 0
Thus we get the value of b :0
b  f  grad log f  f   2433.Ž . Ž . Ž .Ž .0 1 1
Next we calculate b . Find all the monomials m and all the variables x1
Ž .and y such that 	 m   0, where 	 is the coefficient of them x y 1 m
Ž . Ž   . monomial m in f. If m, x, y and m , x , y are such triples and mm ,
Ž . Ž  . Ž .then we can easily show that x, y  x , y . Hence we get f  x y 1
Ž .	 m  for such m, x, and y. These data are given in Table III.m x y 1
Ž .For any monomial m x  x in f , let D  be the sumi i m 11 d
ˆ ˆf  f  f  f fÝ x x x x x xi i i i i i1 j k d j k
1jkd
Ž . Ž .in D  of Lemma 1.1.6. For the purpose of calculating D  , wef 1 f 1
Ž .consider 	 D  for each monomial m in f.m m 1
Ž .1 Let m be a monomial which does not appear in Table III. Since
Ž .m  0 for any variables x and y, we get D   0.x y m 1
Ž .2 Let m be a monomial which appears in Table III and mm.˜
Ž .  Let x and y be variables such that m   0. Since m  0 for anyx y 1 x y
Ž  . Ž . Ž .pair of variables x , y  x, y , D  equals the nonzero term contain-m 1
ing f . These values are listed in the fourth entries of Table III.x y
331 221 4 3Ž . Ž . Ž .3 Let mm , , 111 . We get 	 D   2 3  34 by cal-˜ m m 1113 112
culating actually.
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TABLE III
Ž . Ž . Ž .m, x, y 	 f  D m x y 1 m 1
331 221 Ž ., , 111 , x , x 1 f   231 31 x x 131 31ž /ž /113 112
331 221 Ž ., , 111 , x , x 1 f   231 13 x x 131 13ž /ž /113 112
331 221 Ž ., , 111 , x , y 1 f   431 21 x y 131 21ž /ž /113 112
331 221 Ž ., , 111 , x , y 1 f   231 12 x y 131 12ž /ž /113 112
331 221 Ž ., , 111 , x , p 1 f   631 1 x p 131 1ž /ž /113 112
331 221 Ž ., , 111 , x , y 1 f   213 21 x y 113 21ž /ž /113 112
331 221 Ž ., , 111 , x , y 1 f   113 12 x y 113 12ž /ž /113 112
331 221 Ž ., , 111 , x , p 1 f   313 1 x p 113 1ž /ž /113 112
331 221 Ž ., , 111 , y , y 1 f   221 21 y y 121 21ž /ž /113 112
331 221 Ž ., , 111 , y , y 1 f   221 12 y y 121 12ž /ž /113 112
331 221 Ž ., , 111 , y , p 1 f   621 1 y p 121 1ž /ž /113 112
331 221 Ž ., , 111 , y , p 1 f   312 1 y p 112 1ž /ž /113 112
331 221 Ž ., , 111 , p , p 1 f   61 1 p p 11 1ž /ž /113 112
133 221 3 3Ž ., , 111 , x , x 1 f  1 2 311 33 x x 111 33ž /ž /113 112
331 223 3 3Ž ., , 111 , x , y 1 f  1 2 311 32 x y 111 32ž /ž /113 112
Ž . Ž . Ž . 4 3Since we have D  Ý 	 D  , we get D   2 3  40. Thenf 1 m m m 1 f 1
7 4 3b 27b D  f   2 3 13.Ž . Ž .1 0 f 1 1
Thus b has been determined.i
3.3. The Value of b9
Ž . Ž . Ž .We have b  b 0  f grad f x by definition. Hence we can calcu-9 f x
late this value by Table I. By carrying out the calculation, we obtain
b  26335.9
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TABLE IIIContinued
Ž . Ž . Ž .m, x, y 	 f  D m x y 1 m 1
332 211 3 3Ž ., , 111 , x , y 1 f  1 2 323 11 x y 123 11ž /ž /113 112
331 122 3 3Ž ., , 111 , y , y 1 f  1 2 311 22 y y 111 22ž /ž /113 112
331 221 3 4Ž ., , 111 , x , y 1 f  1 2 312 13 x y 112 13ž /ž /112 113
321 321 3 4Ž ., , 111 , x , y 2 f  2 2 321 31 x y 121 31ž /ž /113 112
331 221 5 2Ž ., , 112 , x , p 2 f   2 2 332 2 x p 132 2ž /ž /123 112
332 211 3 2Ž ., , 112 , x , p 1 f  1 2 323 2 x p 123 2ž /ž /113 122
331 212 3 2Ž ., , 112 , y , p 1 f   1 2 322 2 y p 122 2ž /ž /113 122
331 221 5 2Ž ., , 113 , y , p 2 f   2 2 323 3 y p 123 3ž /ž /113 132
311 223 3 2Ž ., , 113 , y , p 1 f  1 2 332 3 y p 132 3ž /ž /133 112
313 221 3 2Ž ., , 113 , x , p 1 f   1 2 333 3 x p 133 3ž /ž /133 112
3.4. Determination of the b-Function of f2
Ž . Ž .Let 	 i 1, . . . , 9 be the roots of the b-function b s as ini f
Subsection 1.1. Then we see that each 	 is a positive rational number byi
Ž .Lemma 1.1.7. Moreover, we have the following facts about 	 i 1, . . . , 9i
from the previous arguments.
Ž . expŽ . Ž 3 .Ž 2 .2Ž .21 Since b t  t  1 t  1 t 1 , we may assume thatf
1 1 2 Ž .	  	  	  	  	  0, 	  	  , 	  , and 	  mod .1 2 3 4 5 6 7 8 92 3 3
Ž . 4 3 4 32 We get Ý	  b b  13 from b  2 3 and b  2 3 13.i 1 0 0 1
Ž . 2 4 3 6 33 We get Ł	  b b  2 5 from b  2 3 and b  2 3 5.i 9 0 0 9
Ž .Then we can find positive rational numbers 	 i 1, . . . , 9 satisfyingi
Ž . Ž .  Ž .41  3 by a simple consideration. Namely we have that 	 1 i 5 i
3 4 5 41, 1, 1, 2, 2 , 	  	  , 	  , and 	  . Thus we have the explicit6 7 8 92 3 3
form of the b-function of f in the following theorem.2
THEOREM 2. The b-function of the irreducible relatie inariant f of2
Theorem 1 is gien by
23 4 53 2b s  s 1 s 2 s s s .Ž . Ž . Ž .f 2 ž / ž / ž /2 3 3
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4. THE b-FUNCTIONS OF RELATIVE INVARIANTS
Let f and f be the irreducible relative invariants constructed in1 2
mSection 2. We define f , a , and b as in Subsection 1.4. In this sectionm m
m m m1 2mwe determine the b-function b of the relative invariant f  f ff 1 2
Ž .m , m   .1 2 	 0
4.1. a-Functions
In this subsection we determine the leading coefficients a m.f
Let
1 0 0 0 0 0 1
  , , .0 1 0 0 1 0 10 ž / ž / ž /ž /0 0 0 0 0 1 1
Ž . Ž .We calculate a s and a s . We see that1 2
4 0 0 2 0 0 0
grad log f   , , ,Ž . 0 2 0 0 2 0 01 0 ž / ž / ž /ž /0 0 2 0 0 4 0
2 1 1 1 1 0 1
grad log f   , , ,Ž . 0 1 1 1 1 0 12 0 ž / ž / ž /ž /0 1 1 1 1 2 1
Ž .after some explicit calculation. Then we can calculate a s as1
 sa s  f grad log f  f Ž . Ž . Ž .Ž .1 1 0 1 0
 f  s grad log f   s grad log f  f Ž . Ž . Ž .Ž .1 1 1 0 2 2 0 1 0
4 48 6 4 2 3 s s  s 2 s  s .Ž . Ž .1 1 2 1 2
Ž . Ž . m1Ž . m2Ž .Since a s is as above, a m  a m a m is a product of powers of1 m 1 2
m2 Ž m1.4Ž .m1m 244Ž .2 m1m 242m and m m m 2m m by Lemma 1.4.3,2 1 1 2 1 2
Ž . Ž .4Ž .2and then a s is a product of powers of s and s  s 2 s  s .2 2 1 2 1 2
Ž . 3Ž .4Ž .2Hence it is expressed as a s  A s s  s 2 s  s with some2 2 2 1 2 1 2
Ž . Ž .A . Taking s  , we get a   A . Since a   a by defini-2 2 2 2 2 2 2 f 2
tion, we get A  2433. Hence we have2
4 48 6 4a s  2 3 s s  s 2 s  s ,Ž . Ž . Ž .1 1 1 2 1 2
4 24 3 3a s  2 3 s s  s 2 s  s .Ž . Ž . Ž .2 2 1 2 1 2
Ž .mThus we see that the leading coefficient of the b-function b s is givenf
by
4 38 m 4 m 6 m 3m m m1 2 1 2 1 2ma  2 3 m mŽ . Ž .f 1 2
24m m 2 m m1 2 1 2 m m 2m m .Ž . Ž . 4  41 2 1 2
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4.2. b-Functions
In this subsection we determine the b-functions b m.f
Ž . Ž . Ž .Since a s and a s are given as in the preceding subsection, b s and1 2 1
Ž .b s are expressed as2
4 4
8 6b s  2 3 s  	 s  s  	Ž . Ž . Ž .Ł Ł1 1 1, r 1 2 3, rž / ž /r1 r1
2
 2 s  s  	 2 s  s  	  1 ,Ž . Ž .Ł 1 2 4, r 1 2 4, rž /r1
3 4
4 3b s  2 3 s  	 s  s  	Ž . Ž . Ž .Ł Ł2 2 2, r 1 2 3, rž / ž /r1 r1
2
 2 s  s  	 ,Ž .Ł 1 2 4, rž /r1
with 	  by Lemma 1.4.5.j, r 	 0
Ž . Ž .Since b s  b s by definition, we get1 1 f1
4 4 2 	 	  14, r 4, r
s 	 s 	 s sŽ . Ž .Ł Ł Ł1, r 3, r ž / ž /ž / ž / ž /2 2r1 r1 r1
43 4 5 5 74 s 1 s s s s s .Ž . ž / ž / ž / ž / ž /2 3 3 6 6
Ž . Ž .Since b s  b s , we get2 2 f 2
3 4 2
s 	 s 	 s 	Ž . Ž . Ž .Ł Ł Ł2, r 3, r 4, rž / ž / ž /r1 r1 r1
23 4 53 2 s 1 s 2 s s s .Ž . Ž . ž / ž / ž /2 3 3
Comparing the roots of both sides, we get
	 	  14, r 4, r
	 1 r 4 , 	 1 r 4 , , r 1, 2Ž . Ž . Ž .1, r 3, r½ 52 2
3 3 3 3 4 5 5 7
 1, 1, 1, 1, , , , , , , , , 1Ž .½ 52 2 2 2 3 3 6 6
	 1 r 3 , 	 1 r 4 , 	 r 1, 2 4Ž . Ž . Ž .2, r 3, r 4, r
3 3 4 5
 1, 1, 1, 2, 2, , , , . 2Ž .½ 52 2 3 3
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Ž .  Ž . 4If 	 	 or 	 , then 	 belongs to 2 and that 	2, 	 1 2 is4, 1 4, 2
5Ž .  4contained in 1 . Such an 	 is in 2, 2, . Since3
' 'exp 2
 1 	 2
 1 	4 , 1 4 , 2 t  t e t eŽ . Ž . Ž .4
is the product of some cyclotomic polynomials by Lemma 1.4.8, we get
Ž . Ž .	  	  2. Then 1 and 2 yield that4, 1 4, 2
3 3 4 5 5 7
	 1 r 4 , 	 1 r 4  1, 1, , , , , , , 3 4Ž . Ž . Ž .1, r 3, r ½ 52 2 3 3 6 6
3 3 4 5
	 1 r 3 , 	 1 r 4  1, 1, 1, , , , . 4 4Ž . Ž . Ž .2, r 3, r ½ 52 2 3 3
5 7 Ž . Ž .Note that and belong to the set 1 but not to the set 2 . Then we have6 6
5 7 5 7 4  Ž .4,  	 1 r 4 . Hence we may assume 	  and 	  .1, r 1, 3 1, 46 6 6 6
We may assume that 	  1, 	  	 , and 	  	 similarly.2, 3 2, 1 1, 1 2, 2 1, 2
Ž . Ž .Then 3 and 4 yield that
3 3 4 5
 4	 , 	 , 	 , 	 , 	 , 	  1, 1, , , , . 5Ž .1, 1 1, 2 3, 1 3, 2 3, 3 3, 4 ½ 52 2 3 3
Let f  f f . Then we have0 1 2
5 72 212 9b s  2 3 s 	 s 	 s sŽ . Ž . Ž .f 1, 1 1, 20 ž / ž /6 6
4
2 2 2
 2 s	 2 s	 1 3s2 3s3 3s4Ž . Ž . Ž . Ž . Ž .Ł 3, r 3, rž /r1
Ž .by Lemma 1.4.7. The absolute values of the roots of b s aref 0
	 	  13, r 3, r
	 , 	 , 	 , 	 , , 1 r 4 ,Ž .1, 1 1, 1 1, 2 1, 2½ 2 2
2 2 4 4 5 7
, , 1, 1, 1, , , , .53 3 3 3 6 6
Ž . Ž .We have that b s b s 2 by Lemma 1.2.2. If 	 is a root off f0 0
Ž . Ž . Ž .b s , then we have 0 b 	  b 	 2 . Thus 	 2 is also a root off f f0 0 0
Ž .b s . Therefore all roots are symmetric with respect to 1. Since the sumf 0
of them must be 21, we get
4
2	  2	  	  10. 6Ž .Ý1, 1 1, 2 3, r
r1
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Ž . Ž .By Lemma 1.4.8, we have that 	 r 1, 2 and 	 1 r 4 satisfy-1, r 3, r
Ž . Ž .ing 5 and 6 are the following,
3 3 4 5
 4	  	  1 and 	 , 	 , 	 , 	  , , , .1, 1 1, 2 3, 1 3, 2 3, 3 3, 4 ½ 52 2 3 3
Hence the b-functions are given by
25 7 3 428 6b s  2 3 s  1 s  s  s  s  s  s Ž . Ž .1 1 1 1 1 2 1 2ž / ž / ž / ž /6 6 2 3
5 2 2
 s  s  2 s  s  2 2 s  s  3 ,Ž . Ž .1 2 1 2 1 2ž /3
23 4 534 3b s  2 3 s  1 s  s  s  s  s  s Ž . Ž .2 2 1 2 1 2 1 2ž / ž / ž /2 3 3
2
 2 s  s  2 .Ž .1 2
Therefore we get the main result of this paper.
THEOREM 3. Let f and f be the irreducible relatie inariants con-1 2
m m m1 2structed in Section 2. Then the b-function of the relatie inariant f  f f1 2
Ž .m , m   is gien by1 2 	 0
m 11 5 72
mb s  m s 1  m s   m s  Ž . Ž .Łf 1 1 1½ 5ž / ž /6 60
m 12
3
 m s 1 Ž .Ł 2½ 5
0
2m m 11 2 3
 m m s  Ž .Ł 1 2½ ž /20
4 5
m m s   m m s  Ž . Ž .1 2 1 2 5ž / ž /3 3
2m m 11 2
2
 2m m s 2 Ž .Ž .Ł 1 2½ 5
0
 constant.
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